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The motion of small probe molecules in a two-dimensional system containing frozen polymer chains
was studied by means of Monte Carlo simulations. The model macromolecules were coarse-grained
and restricted to vertices of a triangular lattice. The cooperative motion algorithm was used to generate
representative configurations of macromolecular systems of different polymer concentrations. The
remaining unoccupied lattice sites of the system were filled with small molecules. The structure of
the polymer film, especially near the percolation threshold, was determined. The dynamic lattice liquid
algorithm was then employed for studies of the dynamics of small objects in the polymer matrix. The
influence of chain length and polymer concentration on the mobility and the character of motion of
small molecules were studied. Short- and long-time dynamic behaviors of solvent molecules were
also described. Conditions of anomalous diffusions’ appearance in such systems are discussed. The
influence of the structure of the matrix of obstacles on the molecular transport was discussed. Published
by AIP Publishing. [http://dx.doi.org/10.1063/1.4990414]

INTRODUCTION

The motion of a small probe particle in polymer solu-
tions and melts is an interesting phenomenon that takes place
in living cells as well as in polymer technologies.1 To study
this phenomenon gravimetry, membrane permeation, fluores-
cence, dynamic light scattering, and NMR spectroscopy were
employed.1 The diffusion in polymer systems is a complex
issue, and as it was recently pointed out2 that the number of
theoretical works on this subject is surprisingly limited. Theo-
retical considerations on this subject can be divided into three
main groups.1 In the first one, there are diffusion models based
on obstruction effects, where positions of macromolecules are
fixed. They work well for small diffusants in dilute and semi-
dilute solutions.3–7 The second group contains theories taking
into consideration hydrodynamic interactions,8–12 while in the
third one, models based on the free volume theory assum-
ing that the free volume is a key factor controlling molecu-
lar mobility13–16 can be found. Recently, phenomenological
models based on the length-scale dependent viscosity were
introduced.17–19

Experiments on nanoparticles moving in polymer melts
were also performed using the fluctuation correlation spec-
troscopy technique.20–22 The motion of a single nanoparticle
comparable in size to the diameter of the tube formed of
entangled polymer chains was recently the subject of experi-
ments employing depolarized dynamic light scattering show-
ing a subdiffusive region too.23 The theories concerning the
diffusion of large nanoparticles in polymer solutions, gels,
and networks were also developed.1,24,25 It was shown that
nanoparticles with a diameter smaller than the entanglement
length exhibit ordinary Fickian diffusion, while the motion

a)Author to whom correspondence should be addressed: sikorski@chem.
uw.edu.pl. Telephone: +(48 22) 552 6366. Fax: +(48 22) 822 5996.

of larger objects is more complicated. The simulations of
the dense system within the frame of Dynamic Lattice Liq-
uid (DLL) showed and described the subdiffusive motion.26

It was also shown that the percolation threshold determined
from the dynamics of the system was quite different than
that from the static cluster analysis. This can be explained
by the fact that some of the mobile elements in dense sys-
tems play the role of obstacles.26 The motion of small probes
in quasi-two-dimensional systems (the films’ thickness was
between 102 Å and 104 Å) was studied by fluorescence recov-
ery after bleaching, showing the weak dependence of mobility
on the temperature in thin films.23 The influence of the struc-
ture of a three-dimensional matrix formed by obstacles (single
obstacle versus obstacles arranged into small chains of up to
16 elements per chain) on the diffusion was studied by the
discontinuous molecular dynamics simulation method.27 The
differences in mobility were not largely found, and a common
scaling behavior was confirmed. The MD and Fluorescence
Correlation Spectroscopy (FCS) studies of tracer diffusion in
polymer solutions showed the influence of polymer concen-
tration and chain length on the tracer’s mobility.28 Dynamic
Monte Carlo simulations of tracer diffusion in a polymeric
system showed the crossover for a normal diffusion to a local-
ized random walk.29 FCS studies of the diffusion of tracers
in different polymer melts related them to polymer segmental
dynamics.30

The experiments showed the diversity of the dynamics
in crowded systems.31–39 In many cases, regions of a subdif-
fusive motion were detected, i.e., the mean square displace-
ment (MSD) of moving objects scaled with time as tα, with
α< 1. In real systems studied, this exponent varied between 0.2
and 0.9.31,40–42 Also some theories based on different models
predicted a subdiffusive behavior in polymer systems.33,42–48

There are two groups of theories of particular importance:
continuous time random walks (CTRW) approach with
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appropriate distribution of traps33,48,49 and random walk in
the matrix of obstacles (an ant in the labyrinth).30,37 Computer
simulations gave the exponent α as larger, namely, located
between 0.697 and 1.27,50–54

Simulations of coarse-grained models of different poly-
mer systems were recently performed.2 The polymer system
was represented by random walks without the excluded vol-
ume, i.e., Gaussian chains like in real melts. Conformations
of these macromolecules remain unchanged during the entire
simulation which implies the assumption, the splitting of time
scales of chains and probe motions. The mobility of small
molecules was found to be almost independent of chain length.
The simulation studies of motion in dense polymer systems
were performed employing the molecular dynamics technique
using coarse-grained and atomistic models.55–64 The poly-
meric environment in such cases can be modeled as a cluster
of obstacles formed of chains, and this problem can be consid-
ered using the theory of percolation, similarly to small objects
(points). In the latter case, if the concentration of obstacles
is lower than the percolation threshold, the diffusion should
be anomalous (non-Fickian) only for a short time. If the con-
centration of obstacles reaches the percolation threshold, the
diffusion becomes anomalous over all time ranges.40,41

In this paper, we have investigated the motion of small
molecules in two-dimensional systems containing static obsta-
cles formed by linear polymer chains. The main reason for
choosing this kind of obstacles was the comparison of the
molecular transport in quite different matrices of obstacles—
our previous studies concerned the motion in the matrix of
small obstacles with the size comparable to that of mobile
objects.26 The conformations of polymers were frozen dur-
ing the entire simulation. The correlations in motion between
movable elements were taken into consideration. There is an
important difference between the treatment proposed herein
and other lattice models generally based on the concept of
“an ant in the labyrinth.”33,40,42 In this kind of model, a single
point (“an ant”) travels on a lattice, and methods that take into
account jumps of objects into vacancies are employed (the
vacancies are regarded as fluctuating free volume assuming
that their size is comparable with that of the mobile elements).
In these types of models, the correlation and hydrodynamic
effects are practically ignored. The present study allows the
cooperative motion of elements to be taken into account as
well as the study of the hydrodynamic properties of the sys-
tem, which is apparently crucial for diffusion in a crowded
environment.24,28,29

THE MODEL AND SIMULATION METHODS

In general, we considered coarse-grained models of poly-
mer chains in two dimensions which can be treated as a
crude model of the thin polymer film. The system under
consideration was comprised of flexible chains immersed
in a solvent. The solvent was essentially monomeric and
solvent particles were of a size similar to polymer beads.
The simulation procedure consisted of two steps. In the
first step, polymer chains were being mixed using the coop-
erative motion algorithm (CMA) which is very fast and
thus it is able to produce correct static properties of the

polymer systems under consideration.61 During the second
step, polymer chains were immobilized and we used the
Dynamic Lattice Liquid (DLL) model. The second step
allowed for a detailed investigation of the dynamic properties
of solvent particles.

THE CMA METHOD

Beads located at lattice vertices are connected by non-
breakable bonds forming chains representing linear macro-
molecules in simulations employing the cooperative motion
algorithm.62–65 All lattice sites in the system are occupied
in order to simulate dense systems like polymer melts. The
presented results are obtained by simulations on a triangular
lattice. The coordination number of the lattice is equal to 6,
i.e., each lattice site has 6 nearest neighbors.

The excluded volume condition was introduced into the
system under consideration, which means that each lattice
site can only be occupied by a single molecular element (a
chain bead or a solvent particle). In such systems, strictly
cooperative dynamics is used, consisting in rearrangements
satisfying local continuity of the simulated system (no empty
lattice sites are generated). A bead of one chain can move only
if other beads of different chains move simultaneously. This
is realized by local motions consisting of displacements of a
certain number of molecular elements along closed loops, so
each element replaces one of its neighbors in such a way that
the sum of displacements of the elements taking part in the
rearrangement is zero (the continuity condition). During these
rearrangements, the model macromolecules undergo confor-
mational transformations, preserving however their identities
given by the number and the sequence of segments in the chain.
Quantities characterizing the system are calculated between
cooperative rearrangement steps only. A time step corresponds
to the number of simulation steps after which an average of
one attempt to move each bead was made. All the details of the
CMA are given elsewhere.52,66 This kind of simulation is very
efficient and allows the fast relaxation of the system consisting
of a large number of beads in time which is accessible on a
personal computer.

The model system consisted of 256 × 256 lattice sites
with periodic boundary conditions employed in the x- and
y-direction. The size of the simulation box was at least an order
of magnitude larger than the diameter of the chains to avoid
interactions of the chain with itself. Polymer chains consisted
of N = 8, 16, 32, 64, 128, and 256 beads while the polymer
concentration varied between 0.05 and 1 (the polymer concen-
tration was defined as the ratio of the number of lattice sites
occupied by the polymer to the total number of lattice sites in
the system).

THE DLL METHOD

The DLL model is also based on a lattice structure (a
triangular lattice). The beads represent solvent molecules or
monomer units of polymer chains and they occupy all lattice
sites in the system. Linear polymers are represented as beads
connected by non-breakable bonds. It has been shown that the
properties of the system obtained within the frame of the DLL
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model reflected a correct dynamic behavior in several problems
like simple liquid dynamics,66 polymer-polymer interdiffu-
sion,67 reaction diffusion front problem,68 polymer solution
dynamics,69 dynamics of the Atom Transfer Radical Polymer-
ization,70,71 dynamics of systems with Brownian obstacles,72

and diffusion of water in poly(vinylmethylether).73 In this
model, positions of objects are considered as coinciding with
lattice sites. The assumption that objects are densely packed
leads to a system with all lattice sites occupied by elements
(beads) representing molecules. It is also assumed that the
system has some excess volume, so that each molecule only
has enough space to vibrate around its position as defined by
the lattice site. The molecules, however, cannot move eas-
ily over a larger distance because all neighboring lattice sites
are occupied by similar elements. Nevertheless, long-range
mobility can take place in such a system. The DLL model
answers the question of under what conditions are molecular
translations possible over distances exceeding the vibrational
range. Each displacement of a molecule from its mean posi-
tion, which is large enough, is considered as an attempt of
movement to a neighboring lattice site. For the sake of sim-
plicity, the directions of movement attempts are allowed along
the coordination axes only but are independent and randomly
distributed among q directions, where q is the lattice coor-
dination number (q = 6 for the triangular lattice used). The
attempts which coincide in such a way that along a path includ-
ing more than two molecules the sum of displacements is
close to zero (condition of continuity) are considered suc-
cessful. The model described above has been implemented
as a dynamic simulation algorithm for polymers in a solvent
under confinement to a 2D layer. A field of randomly chosen
unit vectors, which are assigned to beads and point directions
of attempted motions, represents motion attempts. All beads
which do not contribute to correlated sequences (circuits) satis-
fying the continuity condition are non-moveable at a given time
step.

After setting to zero all vectors giving unsuccessful
attempts, only vectors contributing to a number of closed loops
remain. They constitute traces for possible rearrangements. If
an athermal system is considered, all possible rearrangements
are performed by shifting beads along the closed loop traces,
each bead to the neighboring lattice site. Thus, the following
steps can be distinguished in this algorithm: (i) generation of
the vector field representing attempts of movement, (ii) elim-
ination of non-successful attempts, and (iii) replacing beads
within closed loop paths. Figure 1 shows changes in the system

FIG. 1. Motion of solvent molecules in the presence of immobilized chains
serving as barriers. Only molecules shown in the red frame can move.

when polymer chains are immobilized and serve as a barrier
for solvent particles. A molecular or macromolecular system
treated in this way can be considered as provided with the
dynamics consisting of local vibrations and occasional diffu-
sion steps resulting from the coincidence of attempts of the
neighboring elements to leave the occupied positions. This
kind of dynamics leads to displacements of individual beads
along the random walk trajectories with steps distributed ran-
domly in time (assuming a sufficiently large number of Monte
Carlo steps).

The representation and the size of the model system used
in DLL simulations were exactly the same as described above
in the section titled The CMA method. The polymer concen-
tration varied in the range 0.05–0.44 only, as the motion of
small particles well above the polymer percolation threshold
is limited. The DLL simulations were performed 20 times for
each set of parameters (given the chain length and concentra-
tion) and each simulation run was carried out in a different
polymer matrix. The static properties of polymer chains were
determined from CMA simulations while averaging of param-
eters concerning the motion of solvent particles was done over
considerably longer trajectories.

RESULTS AND DISCUSSION

The structure of the polymer film can be characterized
by the average parameters describing a single chain. The size
of a chain is usually described by the square of radius of
gyration,

R2
g =

1
N

N∑
i=1

(ri − rcm)2, rcm =
1
N

N∑
i=1

ri, (1)

where ri are the coordinates of an ith bead and rcm are the
center-of-mass coordinates. The next size parameter studied
was the squared of end-to-end distance,

R2
ee = (r1 − rN )2. (2)

The hydrodynamic radius was also determined,

1
RH
=

1

N2

∑
i>j

1
rij

, (3)

where rij is the distance between the pair of ith and jth
beads.

One can obtain additional information about chain’s shape
from the gyration tensor,

Tij =
1
N

N∑
n=1

(
rn,i − rcm,i

) (
rn,j − rcm,j

)
, (4)

where i and j are the x and y coordinates, rn,i are the ith coor-
dinates of the position n, and rcm ,j is the jth coordinate of the
trajectory center-of-mass. The tensor T has two eigenvalues,
which are denoted by λ1 and λ2 with the convention λ1 > λ2

which fulfill the relation

R2
g = λ1 + λ2. (5)

Both the parameters above, λ1 and λ2, are principle axes of the
tensor of gyrations, and thus, they describe the shape of the
chain.
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STRUCTURE OF POLYMER CHAINS NEAR
THE PERCOLATION POINT

Many properties of polymer systems depend on the
macromolecule chain’s structure. In the case of the percola-
tion problem, a relationship between the percolation threshold
and the chain geometry is evident. This results from the fact
that the percolation transition corresponds to the concentration
ϕ∗ at which the transition between a dilute and a semi-dilute
regime is observed. At the critical density ϕ∗, polymer chains
touch each over and fill the entire space. This concentration
scales with chain length N as74

ϕ∗ ≈
N

R2
g
≈ N1−ν , (6)

where γ is the scaling exponent that characterizes the behavior
of chain size,

R2
g ≈ Nν ≈ N

2
df . (7)

The exponent df corresponds to a so-called fractal dimension,
which describes the structure of a polymer chain. The above
relationships suggest a fairly strong influence of chain length
on the percolation threshold.

The dependency of the percolation threshold on chain
length for two-dimensional polymer systems was recently
obtained from computer simulations for various polymer mod-
els and macromolecular architectures.61,75–77 In Fig. 2, the
values of percolation thresholds of polymer chains vs. polymer
length in a log-log plot are presented.75 One can observe that
the threshold diminishes fairly smoothly when the chain length
increases. Most of the simulation results concerning linear
flexible chains in two dimensions confirm this behavior of the
percolation threshold regardless of the simulation method used
(random sequential adsorption, Monte Carlo with Verdier-
Stockmayer algorithm, or dynamic lattice liquid).61,75–78 But
simulations of Sung and Yethiraj79 present a maximum on the
ϕ*(N) function. This can be explained by the fact that off-
lattice chains of Sung and Yethiraj were rather stiff (freely

FIG. 2. Percolation threshold of polymer chains as a function of polymer
chain length.

jointed tangent hard disks)—a similar behavior was found for
collapsed rings.61 The decrease of the percolation threshold
is definitely stronger than a power function of the type N�x

which was suggested for systems consisting of stiff chains
(needles).76,80–82 Figures 3(a) and 3(b) present size parame-
ters Rg

2, Ree
2, as a function of the polymer concentration for

various chain lengths in a double logarithmic scale. At low
polymer concentrations, the size of chains decreases weakly
with increasing concentration, especially for short chains. This
decrease becomes rapid at certain concentrations because of
overlapping and interpenetration of polymer coils. In Figs. 4(a)
and 4(b), the influence of the polymer concentration on the
hydrodynamic radius RH

2 and the ratio RH /Rg is presented.
The changes of the hydrodynamic radius with the polymer con-
centration are very similar to those of the radius of gyration and
end-to-end vector. Much more interesting is the behavior of the
ratio RH /Rg—this parameter gives the information about the
penetration of polymer chains by solvent molecules. The ratio
RH /Rg slightly decreases with the increasing polymer concen-
tration, and for short chains (N = 8 and 16), it is close to unity
and this means that short chains behave like impenetrable disks
for solvent molecules. For longer chains at higher densities, a

FIG. 3. The mean squared of gyration radius (a) and
the mean-squared end-to-end distance as functions of
the polymer concentration (b). Percolation thresholds are
connected by the dotted line. The border between semi-
diluted and concentration solutions is marked by the
dotted lines. The lengths of polymer chains are shown
in the inset.
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FIG. 4. The squared hydrodynamic radius RH
2 (a) and

the ratio RH /Rg (b) as functions of the polymer concen-
tration. The lengths of polymer chains are shown in the
inset.

different behavior of this ratio is observed. It can be explained
by the fact that longer chains tend to be more extended at
these conditions and solvent molecules diffuse outside the
coils.83

Both principle axes of the tensor of the radius of gyration
λ1 and λ2 are presented in Figs. 5(a) and 5(b) as a function
of polymer concentration. The behavior of both components
of the radii of gyration is qualitatively similar to that of poly-
mer coil sizes. The higher the polymer concentration, the more
isotropic a polymer coil is. It is possible to distinguish three
regimes in the behavior of chains’ size and shape because the
percolation threshold corresponds to a critical concentration
between a dilute and a semi-dilute solution. For this purpose,
the positions of percolation thresholds (the same as in Fig. 2)
for all chain lengths under consideration were also shown
in Figs. 3 and 5. The concentration at which a concentrated
solution is reached can also be estimated. In the concentrated
solution regime, both size parameters Rg

2 and Ree
2 should scale

as ϕ�1.74 Therefore, we can observe the semi-diluted regime

in Fig. 3. One can see that the position of this region for chain
lengths under consideration shifts towards lower polymer con-
centrations and becomes narrower with the increase in chain
length.

Using the data from Figs. 3 and 5, one can determine
the dependencies of all the size and shape parameters Rg

2,
Ree

2, λ1, and λ2 as a function of the chain length at the per-
colation point. These dependencies are presented in Fig. 6
in log-log scale. All parameters Rg

2, Ree
2, λ1, and λ2 deter-

mined at the percolation threshold scale as Na with the same
exponent a = 1.41. It means that taking into consideration
Eq. (5), the critical concentration ϕ* scales with the chain
length approximately as ϕ∗ ≈ N−0.41. Moreover, it also sug-
gests that the fractal dimension of chains in the percolation
point df = 1/a is a constant of value ca. 1.418. A constant
fractal dimension of a chain at the percolation threshold irre-
spective of the chain length suggests that the structure of the
chain at this point is the same for various chain lengths. This
conclusion contradicts previous simulation results where it

FIG. 5. λ1 and λ2 as functions of the polymer concentra-
tion. Percolation thresholds are connected by the dotted
line. The lengths of polymer chains are shown in the inset.
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FIG. 6. The size and shape parameters Rg
2, Ree

2, λ1, and λ2 as functions of
chain length at the percolation point.

was suggested that the percolation threshold for 2D mod-
els of polymer systems depends on the fractal dimension of
chains.75

DYNAMIC PROPERTIES OF SOLVENT
MOLECULES IN POLYMER SOLUTIONS NEAR
THE PERCOLATION THRESHOLD

We start the analyses of the dynamics of solvent molecules
in the polymer systems under consideration using the mean-
squared displacement (MSD) of the beads defined as

〈
∆r2 (t)

〉
=

1
n

n∑
i=1

[ri (t) − ri (0)]2, (8)

where ri(t) are the space coordinates of the ith molecule at
time t and n is the number of elements considered (solvent
molecules). The diffusion coefficient D in this case can be
described by the Einstein relationship,〈

∆r2 (t)
〉
= 4Dt, t → ∞. (9)

In disordered systems, this law is not valid in certain condi-
tions40 and the anomalous diffusion appears. Near the perco-

lation threshold, the following formula can be used to describe
the diffusion of objects:〈

∆r2
〉
≈ tα ≈ t2/dw , (10)

where α = 2/dw is the anomalous diffusion exponent. Diffu-
sion is hindered in these conditions and one can find α ≤ 1
or dw ≥ 2.40,41 The MSD and MSD/time functions of sol-
vent molecules in systems where polymers serve as immobile
obstacles are presented in Fig. 7 (short chains consisted of
N = 8) and Fig. 8 (long chains consisted of N = 128). The
MSD/time function is also presented because it is not easy
to see clearly the changes of the exponent α from the MSD
function. From the MSD/time function, it is much easier to
recognize normal (Fickian) and anomalous diffusion. One has
to remember that the static percolation threshold calculated
using a traditional cluster analysis for chain length N = 8 is
0.429, while for N = 128 it is considerably lower, i.e., 0.254.
Therefore, the MSD and MSD/time functions showed in Fig. 7
cover a wide range of polymer concentrations: from well below
the dynamic percolation thresholds to above static percolation
thresholds. In both cases, i.e., for both chain lengths, the dif-
fusion at short time is normal (Fickian diffusion with α = 1)
in spite of the presence of macromolecular obstacles. For a
longer time, the diffusion of the solvent depends on the poly-
mer concentration. Below a certain polymer concentration,
which can be identified with the percolation threshold, the
diffusion becomes anomalous (α < 1) but finally a Fickian dif-
fusion is recovered (the long-time behavior is again diffusive).
The region of the subdiffusive motion becomes wider with the
increase of the polymer concentration and above the percola-
tion threshold the diffusion remains anomalous (at least for the
time under consideration). Thus, below the polymer percola-
tion threshold, two crossovers are visible (normal-anomalous
and anomalous-normal), while above this threshold only one
crossover is visible (normal-confined motion). The crossovers
occur rather slowly and extend over the long time what is
similar to other simulation results.47 For molecules of smaller
sizes than the polymer correlation length, the scaling theories
predict that the diffusion should be Fickian (if no interactions

FIG. 7. MSD (a) and MSD/time (b) as a function of time
for solvent molecules. The chase of the chain N = 128.
Polymer concentrations are given in the inset.
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FIG. 8. MSD as a function of time (a) and MSD/time
as a function of positions (b) of solvent molecules for
various polymer lengths (given in the inset). The case of
the polymer concentration ϕ = 0.26.

were assumed).26,74 On the other hand, it was pointed out84

that there is a diffusion slowdown in polymer solutions and
gels; instead of the presence of cross-links (like in gels) in
our model, moving molecules deal with barriers formed by
immobilized chains. The precise determination of the dynamic
percolation threshold from the scaling analysis of the diffusion
coefficient in the spirit of the procedure described in Ref. 26
as well as critical exponents would require simulations for
ca. 1011 time units, which is definitely beyond computational
capabilities. Thus, we can only give a qualitative description.
The most important result is that for short chains, the dynamic
percolation threshold occurs at a polymer concentration which
is considerably lower than the static percolation threshold. For
longer chains, the dynamic and static percolation thresholds
are fairly close. It has to be recalled that in the case of small
obstacles (an obstacle of the same size as a molecule of a
solvent), the difference between the dynamic and static per-
colation thresholds was 0.371 and 0.5, respectively.26,85 Thus,
the conclusion can be drawn that the static percolation thresh-
old is always higher than the dynamic one, and the difference
between the dynamic and static percolation thresholds dimin-
ishes with the increase in the polymer (immobile obstacle)
length.

Figures 8(a) and 8(b) show the MSD and MSD/time for
various chain lengths determined at the polymer concentration
ϕ = 0.26 as functions of time and distance from starting point,
respectively. This concentration has been selected to maintain
longer chains above the percolation threshold (N = 128 and
256) while shorter chains were below (N = 4, 8, 16, and 32)
and chains with N = 64 segments were at that threshold. One
can observe that short time diffusion [Fig. 8(a)] is similar for
all chain lengths under consideration. For longer times, a sub-
diffusive behavior of solvent molecules appeared for longer
chains. Rapid changes of the dynamic behavior of the solvent
take place at the same time and distance from the starting point
regardless of the chain length. It should be, however, pointed
out that at a short time, the mobility of solvent molecules
weakly increases with the chain length what is clearly visi-
ble in Fig. 8(b). This can be explained by lower polymer local

density N /〈Rg
2〉 in systems with longer chains.61 The diffusion

of solvent molecules at a longer time requires bypassing bar-
riers formed by entire chains, and thus, the mobility is more
hindered by longer chains (see the discussion below). For the
chains N = 128 and 256, no recovery to the Fickian behavior
was found, and their motion is limited due to the finite size of
the percolation cluster. Using the data presented in Fig. 7, one
can determine self-diffusion coefficients for long time (DL) and
short time (DS) as well as the exponent α as a function of poly-
mer concentration for various polymer lengths. The long time
and short time diffusion coefficients were determined accord-
ing to Eq. (8) for linear fragments of plots shown in Fig. 7
at long and short times, respectively. In other words, in time
windows where the MSD followed the given trend t1, the dif-
fusion coefficient was determined. Figure 9 shows the reduced
diffusion coefficient DL/D0, where D0 corresponds to the diffu-
sion of solvent molecules in a system without polymer chains
(without obstacles). The decrease in the diffusion coefficient
with polymer concentration is almost continuous although it
becomes rapid for higher polymer concentrations. A similar
behavior in a matrix of short chains (consisting of 16 beads)
was found in simulations of three-dimensional systems.27 The
experimental results obtained for the motion of gold nanoparti-
cles in solutions of poly(ethylene glycol)18 and hydrogels73,86

by means of fluctuation correlation spectroscopy and theo-
retical considerations employing a mode-coupling theory12

showed a similar decrease in the DL/D0 radio. The studies
by means of an analytical theory and Monte Carlo simula-
tions2 showed that the diffusivity of moving molecules was
only weakly dependent on the polymer length. One has also
to remember that all these experimental and theoretical results
mentioned above concerned three-dimensional polymer sys-
tems with long-lived entanglements. What is interesting is
that experiments on the motion of ovalbumin in poly(ethylene
oxide) (fluorescence recovery after photobleaching)49 showed
that the mobility of ovalbumin decreased with an increase in
the polymer molecular weight only for low polymer concen-
trations (2%), while for higher polymer concentrations, the
influence of the molecular weight was almost negligible. The
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FIG. 9. The reduced long time self-diffusion coefficient DL /D0 as a function
of polymer concentration for various chain lengths: the comparison with the
Yasuda model (upper) and the Mackie-Mears model (lower). Solid curves
represent fits of Eqs. (11) and (13), respectively. The insets present the fitting
parameterϕl as a function of polymer length. The static percolation thresholds
ϕp are also shown.

presence of entanglements in this three-dimensional polymer
solution explains this behavior.

The diffusion of a tracer in disordered polymeric sys-
tems was a subject of different kinds of theories as was
already discussed in the section titled Introduction. Theories
based on obstruction effects3–7 should be of special interest as
they were based on a similar assumption as the model stud-
ied in the current work, i.e., polymer chains were immobile
and impenetrable for the solvent molecules. However, one
should remember that most of these theories concern three-
dimensional systems while the system under consideration in
the present work is strictly two-dimensional. Moreover, the
assumptions of these theories concern systems that were well
under the percolation point (the problem of the percolation of
polymeric obstacles has never been considered in these the-
ories). Recent simulations have shown73 that the predictions
of obstructive as well as free volume theories are very close
to simulation results in three-dimensional polymer-solvent

systems [poly(vinylmethylether)-water systems]. In the case
of our studies, the influence of the polymer length and thus the
changing local polymer density and the percolation threshold
should be taken into account. Therefore, we tried to check
if it was possible to use theoretical models with additional
parameters. The first model considered was the free-volume
Yasuda model. In this model, polymer chains are less mobile
than solvent molecules, the effective free volume is attributed
mainly to the solvent, there is no additional interaction between
the polymer and the diffusing molecules, and solvent diffu-
sion decreases with increasing polymer concentration. The
original formula of Yasuda that gives the ratio D/D0 is the
following:19

D
D0
= exp

(
B

ϕ

1 − ϕ

)
, (11)

where B is a factor which depends on free volume, while ϕ
denotes the polymer concentration. The main assumptions of
this model fit the DLL model well. But one has to remem-
ber that the Yasuda formula was proposed for an ordinary
3D space where effects concerning the percolation thresh-
old are weaker than for the 2D case. In the 2D case, the
percolation threshold in a polymer system means that chains
form an impenetrable barrier for solvent molecules and the
movement of the latter objects becomes localized. There-
fore, the results presented in Fig. 9(a) can be described by
a formula derived from a modification of the original Yasuda
formula, i.e., from Eq. (10). The proposed approximation is the
following:

D
D0
= exp

(
B

(
ϕ

ϕl − ϕ

)y)
, (12)

where ϕl can be considered as the concentration of a polymer
at which the motion of a solvent molecule becomes localized
which means that polymer chains form enclaves (cages) for the
solvent molecule. Coefficients, ϕl, B, and the exponent y can
be found by the fitting of data from Fig. 9(a) to Eq. (11). For
the polymer systems under consideration, B varies from 1.22
to 1.6 while the exponent y varies from 0.7 to 0.964. Continu-
ous lines in Fig. 9 correspond to fits for a given polymer chain
length obtained using Eq. (11). The fit is reasonably good for
all polymer concentrations and all chain lengths under consid-
eration. The question arises about the values of ϕl compared
to percolation thresholds. In the inset of Fig. 9(a), we present
changes of the parameter ϕl as a function of polymer length.
The values of static percolation thresholds26 are presented for
comparison. It is clearly visible that within the range of chain
lengths considered, the static percolation threshold is located
slightly below ϕl. Therefore, it means that the polymer con-
centrations at which solvent molecules are practically arrested
are surprisingly located above the static percolation thresh-
old. The second theoretical model under consideration was the
obstructive Mackie-Mears model.5 In this model, the follow-
ing formula was derived based on the probability of occupation
of neighboring lattice sites:

D
D0
=

(
1 − φ
1 + φ

)2

. (13)
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It has to be stressed out that the original Mackie-Mears
model concerned the obstructed diffusion in a 2D water-
swollen resin membrane. The modified Mackie-Mears formula
was constructed in an analogous way as that for the Yasuda
model,

D
D0
= A

(
φl − φ

1 + φ

)2

. (14)

The results of the fit are presented in Fig. 9(b). The fit is
reasonably good for all polymer concentrations and all chain
lengths under consideration although slightly worse than that
in the case of the Yasuda model. Thus, a simple substitution
of the percolation threshold for unity in formulas given by
Mackie-Mears or Yasuda theories also provides quite good
approximation. However, one has to remember that the phys-
ical meaning of the fitting parameters is not clear in these
modified formulas. Therefore, a new theory concerning the
tracer diffusion near the percolation threshold has to be devel-
oped. The theory should exploit the fact that chains at the
percolation threshold exhibit the same fractal dimension (see
the discussion above on results presented in Fig. 6).

The basic shortcoming of the above-discussed models
is the lack of relationship between diffusion coefficients of
solvent particles with the structure of the polymer system.
Recently Hołyst et al. proposed a phenomenological model
in order to solve this problem.17–19 Based on the consideration
of Rubinstein et al.,24 the authors proposed three regimes of
diffusion of probe objects in polymer solutions. These regimes
are defined by the relation between the diameter of probe parti-
cles 2r and a characteristic length scale of the polymer system.
The first length scale corresponds to the correlation length
(screening length) ξ, where ξ > 2r. The second length scale L
is the distance between entangle points of polymer chains and
ξ < 2r < L. The third length scale corresponds to the case of 2r
> L. In our case, the size of probe molecules is the same as that
of polymer beads which corresponds to the case ξ > 2r; thus,
the correlation length is crucial in our model. This parameter
was introduced by Edwards87 and developed for semi-dilute
solutions by des Cloizeaux and Jannick.88 Semi-diluted poly-
mer solution is treated as a network characterized by a length ξ
which is a mean distance between entanglements and contacts

of chains. The correlation length ξ is defined as

ξ (φ) = Rg

(
φ

φ∗

)−β
. (15)

Taking under consideration the scaling relation

Rg ∼ Nν , (16)

one obtains for the two-dimensional case

ϕ∗ ∼
N

R2v
∼ N1−2v. (17)

The combination of Eqs. (15) and (17) gives the following
relation:

ξ (φ) ∼ NvN−(1−2v)β . (18)

The requirement that ξ should be independent of N leads to
the relation β = ν/(2ν � 1). Thus for good solvent conditions,
i.e., with ν = 3/4, ξ scales with the polymer concentration
as

ξ (φ) ∼ φ−3/2. (19)

Figure 10(a) presents the correlation length ξ as a function
of the polymer concentration (the shortest chains were omit-
ted here as they behave like disks not like polymers). The
exponents ν used in Eq. (18) were not taken from the above the-
oretical considerations but were calculated from simulations
of the same polymer model;83 the values of ν were determined
from the slopes of structure factor functions. The value of ξ
decreases with the increase of the polymer concentration and
in a quite wide range curves exhibit the scaling�3/2 [according
to Eq. (19)]. This range (between 0.05 and 0.30) corresponds to
the semi-diluted solution, and it has to be stressed that our stud-
ies of solvent diffusion concern this region. For higher polymer
concentrations, the curves start to diverge and their scaling
depends on the chain length. In Fig. 10(b), the reduced diffu-
sion coefficient DL/D0 is plotted versus the reduced parameter
RH /ξ. The reduced diffusion coefficient depends exponentially
on the ratio RH /ξ although the points diverge at higher values
of higher values of RH /ξ. One can conclude that there is an
agreement between our theory and the length-scale dependent
viscosity model of Hołyst. Therefore, the concept of activa-
tion energy applied to the diffusion in complex systems by

FIG. 10. The correlation length ξ as a function of the
polymer concentration (a) and the reduced long time self-
diffusion coefficient DL /D0 as a function of RH /ξ (b). In
the panel (a), the theoretical slope �3/2 is marked by the
dashed line. The lengths of polymer chains are shown in
the inset.
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FIG. 11. The reduced short time self-diffusion coefficient DS /D0 as a function
of polymer concentration for various chain lengths. The inset presents DS /D0
at the percolation threshold as a function of the polymer length.

Hołyst et al.17–19 is also valid for a cooperative model of
transport in athermal polymer two-dimensional systems.

Further insight into the dynamics of disordered systems
with polymer chains serving as immobile obstacles can be
obtained from the analysis of the short-time self-diffusion
coefficient DS . This parameter describes the local dynamic
behavior of solvent molecules. Figure 11 shows the coeffi-
cient DS plotted versus the polymer concentration for various
polymer lengths. One can observe that for the polymer concen-
trations considered, the local mobility weakly depends on the
chain length. The inset of Fig. 11 presents the reduced short-
time diffusion coefficients DS/D0 as a function of the chain
length in the percolation threshold. It is clearly visible from
this plot that with the exception of short chains mobility of sol-
vent molecules increases significantly with chain length. The
reason for this behavior which is opposite to the long time dif-
fusion discussed above can be explained by the fact that longer
chains are rather elongated at intermediate concentrations and
thus more open for solvent molecules.

Figure 12 presents the changes of the exponent αwith the
polymer concentration for various chain lengths. The exponent

FIG. 12. The exponentα as a function of polymer concentration. The lengths
of polymer chains are shown in the inset.

FIG. 13. The position autocorrelation function ρ(time) for various chain
lengths near the percolation point. The lengths of chains and polymer
concentrations are shown in the inset.

was determined form data presented in Fig. 7 in the anomalous
regime, i.e., in the window of time where the MSD behaved
as tα. One can observe that the exponent α is stable at lower
polymer concentrations and close to 1, and near the percolation
threshold a rapid decrease of α is visible. This behavior is quite
similar to that of the reduced diffusion coefficient presented
in Fig. 9. Moreover, it can be noted that this transition (the
decrease of the exponent α) becomes wider when the polymer
length increases.

Additional dynamic characteristics of solvent molecules
can be obtained from the analysis of the position autocorrela-
tion function (PAF) defined as

ρ (t) =
1
n

n∑
i=1

mi (0)mi (t) , (20)

where mi(0) = 1 and mi(t) = 1 or 0, depending whether or not the
ith bead occupied its original position (at t = 0) and at a given
time t, respectively. Figure 13 shows this function determined
for various chain lengths, while the polymer concentration was
just above the percolation point for a given polymer length.
Therefore, in all cases presented in this figure, the motion of
solvent molecules is confined, and the Fickian behavior was
not recovered at longer times. One can observe that the func-
tion ρ(t) decreases rapidly for all polymer lengths and after
two decades in time it reaches a plateau. The longer are the
chains, the lower is the plateau which implies that while the
polymer length decreases the motion of more and more solvent
molecules becomes confined.

CONCLUSIONS

A coarse-grained model of a two-dimensional polymer
chains system was designed. The position of beads repre-
sented that model chains and solvent molecules were located
in the vertices of a triangular lattice. Two Monte Carlo sim-
ulation algorithms were used in order to determine the static
properties of the polymer chain as well as for the studies of
solvent molecules dynamics. In the first step, two-dimensional
polymer-solvent systems were simulated by means of the
cooperative motion algorithm. The polymer length and the
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polymer concentration were varied across a wide range (the
CMA enables the study of polymer systems with all lattice
sites occupied). The structure of two-dimensional polymer
systems was shown and its changes with the polymer con-
centration were discussed. Three regimes of polymer behav-
ior were recognized: dilute, semi-dilute, and concentrated. It
surprisingly appeared that at the percolation threshold, the
size of all chains under consideration scales with the same
exponent (1.41). This implies that two-dimensional chains
at the percolation threshold have the same fractal dimen-
sions in spite of different polymer concentrations and local
densities.

In the second step, model chains were immobilized and
frozen and only solvent molecules could move via the dynamic
lattice liquid algorithm. The appearance of anomalous diffu-
sion below the percolation threshold was shown. The short-
and long-time diffusion appeared to be normal (Fickian). It was
also shown that the long-time diffusion coefficient depends
strongly on the chain length while this dependency in the case
of the short-time diffusion coefficient is considerably weaker.
The caging effect (the arrest of solvent molecules in enclaves
formed by chains) was pronounced for longer chains. The
changes of the long time diffusion coefficient with the poly-
mer concentration can be described by modified Yasuda or
Mackie-Mears formulas.
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50H. Berry and H. Chaté, e-print arXiv:1103.2206v1 (2011).
51B. I. Halperin, S. Feng, and P. N. Sen, Phys. Rev. Lett. 54, 2391 (1985).
52B. J. Sung and A. Yethiraj, J. Phys. Chem. B 112, 143 (2008).
53T. Voigtmann and J. Horbach, Phys. Rev. Lett. 103, 205901 (2009).
54K. Kim, K. Miyazaki, and S. Saito, Europhys. Lett. 88, 36002 (2009).
55J. Kurzidim, D. Coslovich, and G. Kahl, Phys. Rev. Lett. 103, 138303 (2009).
56H. W. Cho, G. Kwon, B. J. Sung, and A. Yethiraj, Phys. Rev. Lett. 109,

155901 (2012).
57T. O. E. Skinner, S. K. Schnyder, D. G. A. L. Aarts, J. Horbach, and

R. P. A. Dullens, Phys. Rev. Lett. 111, 128301 (2013).
58G. R. Kneller, K. Baczynski, and M. Pasenkiewicz-Gierula, J. Chem. Phys.

135, 141105 (2011).
59M. Javanainen, H. Hammaren, L. Monticelli, J.-H. Jeon, M. S. Miettinen,

H. Martinez-Seara, R. Metzler, and I. Vattulainen, Faraday Discuss. 161,
397 (2013).

60J. E. Goose and M. S. P. Sansom, PLoS Comput. Biol. 9, e1003033 (2013).
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